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The Ginzburg-Landau theory for multivariant martensitic phase transformations is advanced in three
directions: the potential is developed that introduces the surface tension at interfaces; a mixed term in
gradient energy is introduced to control the martensite-martensite interface energy independent of that for
austenite-martensite; and a noncontradictory expression for variable surface energy is suggested. The
problems of surface-induced pretransformation, barrierless multivariant nucleation, and the growth of an
embryo in a nanosize sample are solved to elucidate the effect of the above contributions. The obtained
results represent an advanced model for coherent interface.
DOI: 10.1103/PhysRevLett.105.165701 PACS numbers: 64.60.Bd, 63.70.+h, 64.60.an
Phase-field or Ginzburg-Landau (GL) modeling repre-
sents a unique approach for simulation of various aspects
of stress-induced multivariant martensitic phase transfor-
mations (PTs) [1]. Recently [2], we developed a much
more sophisticated Landau potential to make the theory
conceptually consistent with known experimental data for
shape-memory alloys, steel, and ceramics. The athermal
resistance to interface motion is introduced [3], and the
theory is extended for large strain [4], dynamics [5], and
microscale [6]. In these approaches and below, each of the
n-order parameters i varies from 0 (corresponding to A)
to 1 (corresponding to martensitic variant Mi). This Letter
advances the GL approach in three directions. (a) Since the
thickness of martensitic variants is of the order of 1 nm and
they possess sharp tips, surface tension should play a
significant role. However, we are not aware of any publi-
cations on this topic. We introduce proper terms in the
energy potential, resulting in an expression for the surface
tension for multivariant PTs that are thermodynamically
consistent and consistent with a sharp-interface limit. The
nontrivial points in this consideration are that even for
negligible small strains we have to use a large strain
formulation, consider the gradient of the order parameters
with respect to a deformed configuration, and introduce the
ratio of mass densities in the nondeformed and deformed
states 0= in some terms. Note that even for liquid-liquid
and liquid-solid interfaces, for which expressions for sur-
face tension have been known for decades, they are not
completely consistent with a sharp-interface limit because
they result in additional hydrostatic pressure [7].
Inconsistency with a sharp-interface approach means that
a theory contains internal contradictions. We resolved this
problem for these interfaces as well. (b) Differences in the
surface energies of different phases result in surface-
induced phenomena—e.g., surface premelting, ordering
or disordering [8]—however, it was not considered for
martensitic PTs. The main drawback of previous works
is that the utilized expression for surface energy qðÞ ¼
aþ b2 does not allow for a homogeneous solution for the
product phase—i.e., the product phase always has a surface
structure toward the alternative phase, even when this
phase is completely unstable. Here, we derive the expres-
sion for qðÞ that does not possess the above problems,
generalize it for multivariant PTs, and study surface-
induced pretransformation and barrierless nucleation of
multiple martensitic variants. (c) The current form of the
gradient energy results in the energy EMM of the Mi Mj
interface to be twice of energy EAM of AMi interface
(see below), while in reality it is independent of the energy
of the AMi interface and is significantly smaller. We
generalize the expression for gradient energy by introduc-
ing the products ri  rj in order to be able to control
the energy of Mi Mj interface independently.
Combining all of the above advancements, the coupled
system of time-dependent GL equations for all order
parameters, the continuum mechanical equations, and the
boundary conditions are formulated. The finite element
method (FEM) approach, algorithm, and subroutines are
developed using the COMSOL code. Model problems of
surface-induced pretransformation, barrierless multivar-
iant nucleation, and nanostructure evolution in a nanosize
sample are solved, and the effect of the above contributions
is elucidated. The obtained results represent a more de-
tailed, flexible, and precise model for coherent solid-solid
interface than current phenomenological models [9].
We designate contractions of tensors over one and two
indices as A B ¼ fAijBjkg and A:B ¼ AijBji, respec-
tively. The subscripts s, e, and t mean symmetrization
and elastic and transformational strains; I is the unit tensor;
r

and r are the gradient operators in the undeformed and
deformed states; and  is a dyadic product.
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Model.—Let us define the Helmholtz free energy per
unit undeformed volume c ¼ c ðB; i;ri; Þ, where
B ¼ 0:5ðV  V  IÞ is the finite strain measure, V is the
left stretch tensor, and  is the temperature. Traditional
thermodynamic procedure for the thermodynamic poten-
tial depending on ri and linear relationships between
thermodynamic forces and fluxes leads to
 ¼ 
0
V  @c
@B
 V X
n
i¼1

0

ri  @c@ri

s
;
1
L
@i
@t
¼  
0
@c
@i
jB þ r 


0
@c
@ri

; (1)
where L is the kinetic coefficient,  is the true Cauchy
stress tensor, and @c =@i is calculated at B ¼ const.
While theory was developed for large strains similar to
[4], to make it more accessible we simplify it for small
elastic and shear transformation strains and rotations but
keep finite volumetric transformation strains, where neces-
sary. This is the minimum requirement for the correct
introduction of surface tension. For this case,  ¼ ðr

uÞs,
 ¼ e þ t, where u is displacement,  ¼ 1=3"0Iþ e is
the total strain tensor, and "0 and e are the volumetric and
deviatoric contributions to strain. Also, for simplicity we
assume that c is an isotropic function of e and ri, c ¼
c ðe; i; ;riÞ. Functions c and t are accepted in the
form
c ¼ c eð"0; e; i; Þ þ 0
c  þ c  þ 0

c r;
c  ¼ X
n
k¼1
1
3
A0ð eÞ2kð3 2kÞ
 X
n1
i¼1
Xn
j¼iþ1
2i 
2
j ði þ jÞA0ð eÞ; (2)
c r ¼ 
2
 
Xn
i¼1
jrij2 þ b
Xn
i¼1
Xn
j¼1;ij
ri  rj
!
; (3)
c  ¼ X
n
k¼1
A0ðe cÞ2kð1kÞ2þ
Xn1
i¼1
Xn
j¼iþ1
Fijði;jÞ;
(4)
 t ¼
Xn
k¼1
kt ½a2k þ ð4 2aÞ3k þ ða 3Þ4k
 X
n1
i¼1
Xn
j¼iþ1
2i 
2
j ðiLij þ jLjiÞ; (5)
Here, 0 ¼ 1þ "0, Lij ¼ ða 3Þjt þ 3it, Fijði; jÞ ¼
ijð1 i  jÞfB½ði  jÞ2  i  j þ Cijg þ
2i 
2
j ði þ jÞ½ A A0ðe  cÞ, c e¼ 12K"20eþ 12ee:ee
is the elastic energy with equal (for compactness) bulk K
and shear  moduli; e and c are the equilibrium
temperature and temperature for the loss of stability
of A; ti is the transformation strains of the ith variant;
i ¼ 0 corresponds to A; , A0, A, B, C, a, and b are
parameters. Then Eq. (1) looks like
 ¼ e þ st;
e ¼ @c@"0 Iþ
1
ð1þ "0Þ2=3
@c
@e
¼ K"0eIþ ð1þ "0Þ2=3
ee;
(6)
 st ¼ ðc r þ c ÞI 
Xn
i¼1
ðri  ri þ bri
 X
n
j¼1;ij
rjÞ; (7)
1
L
@i
@t
¼ 
0
ðK"0eIþeeÞ: dtdi 

0
@c 
@i
 @
c 
@i
þ ðr2i þ b
Xn
j¼1;ij
r2jÞ; (8)
where st is the surface tension. For a single order parame-
ter (e.g., for liquid-liquid interfaces) and a phase equilib-
rium condition, 2 jrj2 ¼ c  [2], and we have
 st ¼ jrj2ðI k  kÞ; k ¼ r=jrj: (9)
Here, k is the unit normal to the interface. Thus, st repre-
sents two equal normal stresses acting along the interface,
i.e., like surface tension in the sharp-interface approach, in
contrast to [7]. Since jrj2 is the total -related energy,
its integration along the k gives the total interface energy,
such as for sharp-interface.
Let us discuss obtained equations. The main difference
between the current and our previous formulation for
energy Eq. (2) [2,4] is in the underlined terms and in using
the gradient operator r with respect to the deformed state.
When 0 ’ , b ¼ 0, and r ’ r

, c is equivalent to that in
[2,4]. It looks like it is not a significant change, but that is
exactly what is necessary (excluding b  0) to introduce
surface tension for martensitic PTand to make it consistent
with a sharp-interface approach. The nontriviality of the
results is related to the fact that for small strain it is
customary to assume that 0 ’  and r ’ r

. However,
this results in st ¼ 0. The point is that even for absolutely
negligible strain dð0 Þ=d"0 ¼ 1, which results in hydro-
static contribution to surface tension. Also, generalized
rate _r ¼ r _ r  rv (where v is the velocity vec-
tor), due to convective term, results in additional gradient-
related surface tension. Thus, a physical phenomenon
(surface tension) is introduced using simply geometric
nonlinearities. In addition to the luck of the idea that the
finite-strain theory should be used, the reason why the
surface tension theory was not developed before is that
the finite-strain theory was just developed in [4]. Intro-
ducing the product ri  rj allows us to control the
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width and energy of the Mi Mj interface independent
of AMi interfaces. This, however, complicates GL
Eq. (8) by coupling them through Laplacians. Also, surface
tension does not contribute to the driving force for PT
directly; rather, it affects the driving force by changing
stress distribution. The above equations should be supple-
mented by the equilibrium equation r   ¼ 0.
Variable surface energy.—Variable surface energy gen-
erates the boundary conditions

0
@c
@ri  n ¼
@c r
@ri  n ¼ ðri þ b
Xn
j¼1;ij
rjÞ  n
¼  dq
di
; (10)
which generalize known conditions [8] for the 3D case,
multiple order parameters, and mixed terms in the gradient
energy. Here, n is the normal to the boundary. We assume
that in the simplest case qðiÞ depends on single ‘‘equiva-
lent’’ order parameter p ¼ ðPni¼1 2i Þ0:5. Then, qðpÞ
has the following properties: qð0Þ ¼ A; qð1Þ ¼ M;
dqð0Þ
dp ¼ dqð1Þdp ¼ 0, with  for the surface energy of phases.
The last condition ensures that homogeneous states i ¼ 0
and i ¼ 1 satisfy boundary conditions, which was not
the case in previous works [8]. The simplest polynomial
expression that satisfies the above condition is qðpÞ ¼
A þ ½ ap2 þ ð4 2 aÞp3 þ ð a 3Þp4, where  ¼
M  A. It is possible to show that to make a condition
of barrierless surface-induced nucleation consistent
with a sharp-interface result  > E, where E is interface
energy, we need to choose a ¼ 3. Then qðpÞ ¼
A þ ð3p2  2p3Þ.
Examples.—We use in the calculations material parame-
ters for cubic to tetragonal PT in NiAl found in [2],
L ¼ 2596:5 m2=Ns,  ¼ 0:4 J=m2, and b ¼ 0:5, un-
less otherwise stated. The FEM approach and code
COMSOL were used. For plane stress 2D problems, two
Mi are considered with the components of t (0.215,
0:078, 0:078) and ( 0:078, 0.215, 0:078). A rec-
tangular sample was considered and quadrilateral and tri-
angle Lagrange elements with quadratic approximation
were employed. (1) The effect of b on the energy EMM
of Mj Mi interface was studied. Condition c r  0 im-
plies that b  1. We found that EMM ¼ kEAM with k ¼ 2
for b ¼ 0, k ¼ 1:523 for b ¼ 0:5, k ¼ 0:692 for b ¼ 0:9,
k ¼ 0:486 for b ¼ 0:95, and k ¼ 0 for b ¼ 1. Interface
width reduces with the growth of b to zero at b ¼ 1.
Variation of b changes the nanostructure evolution signifi-
cantly since it changes the energy balance. (2) For a NiAl
single variant, surface-induced nucleation was considered
in a 10 10 nm2 sample for free boundaries and  ¼ 0 K
(see animation 1 in [10]). Surface energy was constant
everywhere, excluding a 1 nm part from each side of the
x (symmetry) axis at the right-hand boundary. Only half of
the sample is considered. For the case with surface tension,
a small surface-induced nucleus appeared and reached
stationary shape. Without surface tension, PT completes
in the entire sample. (3) For two variants and a sample
with 100 100 nm2, the following boundary conditions
were applied. Vertical sides are stress-free, zero displace-
ment is applied to the upper horizontal side, and symmetry
boundary conditions are used for the x axis. Boundary
condition (10) with   0 is applied to the right vertical
line and with  ¼ 0 to other lines. The initial conditions
are i ¼ 0:001 and zero stresses in the entire sample. The
lowest temperature, when a nontrivial stationary surface-
induced nanostructure exists, is 90.5 K without surface
tension and 81.1 K with surface tension [Fig. 1(a)] (for
b ¼ 0 in Eq. (10), it is 87.95 K for st ¼ 0 and 80.90 K for
st  0 [Fig. 1(d)], and the transformation path is quite
different. At 90.4 K for st ¼ 0 and at 81.0 K for st  0,
this nanostructure becomes unstable, and PT spreads in the
entire sample with nontrivial path (see animation in [10]).
FIG. 1 (color online). Distribution of 1  2 for the upper
part of a 100 100 nm2 sample and variable surface energy at
the right vertical line. (a) At the lowest temperature, when
stationary surface-induced nanostructure exists at 90.5 K without
surface tension and 81.1 K with surface tension (the 10 nm part
of the sample is shown); (b) and (c) stationary nanostructures
at 90.5 K for st ¼ 0 and at 81.1 K for st  0; (d) At the lowest
temperature, when stationary surface-induced nanostructure ex-
ists for b ¼ 0 in Eq. (10) at 87.95 K for st ¼ 0 and 80.90 K for
st  0.
FIG. 2 (color online). Evolution of 1  2 for preexisting
embryo of 2 nm radius with i ¼ 0:1 at the center of a 60
60 nm2 sample under biaxial tensile stresses of 20 GPa at  ¼
100 K with and without surface tension. Quarter of sample is
considered.
PRL 105, 165701 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
15 OCTOBER 2010
165701-3
A wedge-type nanostructure consisting of two variants
propagates from the free surface and forms the stationary
solutions, which consist of two intersecting M2 plates in-
side a M1 matrix for st ¼ 0 and four plates forming a
quadrilateral shape for st  0. Surprisingly, regions of
residual A are observed at the intersection of plates,
forming a triple junction. Surface tension leads to a curved
AM2 interface, change in the width of theM2 plate, and
some other details [Figs. 1(b) and 1(c)]. (5) The evolution
of a preexisting embryo of 2 nm radius withi ¼ 0:1 at the
center of a 60 60 nm2 sample under biaxial tensile
stresses of 20 GPa at  ¼ 100 K and  ¼ const every-
where was considered [Fig. 2 and [10]]. The evolution
starts with the splitting of the embryo into two martensitic
variants separated by austenite. The PT paths for the two
cases are completely different. A complex multiconnected
nanostructure passes through the coalescence stage and
finally ends in a single-variant state that is different for
the two cases.
Note that various phenomenological models of coherent
interface exist (see review [9]) based on the theory of thin
shell and interface constants that are unknown. As a by-
product of the current work, we obtained a much more
detailed, flexible, and precise model of a coherent interface,
which takes into account the heterogeneity of all properties
and fields. The importance of finite interface width and
surface tension is demonstrated in the example of the
AM interface, in which M1 is rotated by 36.5 to get
"yt ¼ 0 [Fig. 3]. For sharp interface we obtained a stress-
free solution. For a diffuse interface and st ¼ 0, even
while "yt ¼ 0 everywhere, there is a significant y stress
with concentration near the corner. The surface tension yst
exceeds thisy by a factor ofmore than 2, and it changes the
distribution ofy. In general, interface thickness and struc-
ture adjust themselves during loading, the interface can
appear and disappear, and there are intersecting interfaces,
triple junction, and corner points, which are separate prob-
lems for the sharp-interface approach.
In summary, GL theory for multivariant PTs is advanced
to describe surface tension, Mi Mj interface energy, and
variable surface energy in a noncontradictory manner.
FEM solutions for surface-induced, pretransformation,
barrierless, multivariant nucleation, and the growth of the
embryo and nucleus in a nanosize sample allowed us to
elucidate the effect of the above contributions. The ob-
tained results also represent an advanced model for coher-
ent interface. Similar developments can be applied for
various phenomena involving interfaces, such PTs
(liquid-liquid, melting, amorphization, evaporation, elec-
tromagnetic, and reconstructive PTs), diffusive PTs de-
scribed by Cahn-Hilliard theory, twinning, dislocations,
fracture, grain growth, and recrystallization, as well as
gradient plasticity and damage.
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